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Abstract 



I Some aspects of the fields of charge two SU(3) monopoles with minimal symmetry 

' breaking are discussed. A certain class of solutions look like SU(2) monopoles em- 

bedded in SU(3) with a transition region or "cloud" surrounding the monopoles. For 
large cloud size the relative moduli space metric splits as a direct product ATI x 
'nI" ' where ATC is the Atiyah-Hitchin metric for SU(2) monopoles and has the fiat 

■ metric. Thus the cloud is parametrised by which corresponds to its radius and 

! S0(3) orientation. We solve for the long-range fields in this region, and examine the 

energy density and rotational moments of inertia. The moduli space metric for these 
monopoles, given by Dancer, is also expressed in a more explicit form. 
Oh! 

• • ■ 1 Introduction 

> ■ 

^ I In this paper we examine some aspects of charge two BPS monopoles in a gauge 

c3 ■ theory SU(3) spontaneously broken by an adjoint Higgs to U(2). Their moduli space was 
found by Dancer in fl]], and subsequently studied in |0, H, ^. Magnetic monopoles in 
SU(2) gauge theory have been the focus of considerable interest. Recently, there has been 
renewed interest in monopoles of higher rank gauge groups mainly in relation to electric- 
magnetic duality 0, |^, 0, |, ^. Substantial progress has been made in theories where the 
gauge symmetry is broken to the maximal torus. However if the unbroken symmetry group 
contains a non-Abelian component various complications arise and much less is known. For 
SU(3) monopoles with minimal symmetry breaking the topological charge is specified by a 



single integer k. But as pointed out in |I0| there is a further gauge invariant classification 
of monopoles, with the result that the charge k moduli space is stratified into different 
connected components. Charge one monopoles are given by embeddings of the charge one 
SU(2) monopole. Their moduli space is given by x S^, which is fibred over S'^ with 
fibre x f/(l). Points in S"^ label different possible embeddings of the SU(2) solution, 
however it is well known that it is not possible to move along the S'^ factor |Tl|, |I2|, [1^ due 
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to the non-Abelian nature of the long-range fields (the long-range magnetic field does not 
commute with all the generators of the unbroken gauge group). 

Charge two monopoles appear in two distinct categories depending on whether or not 
the long-range fields are Abelian. Monopoles with non-Abelian long-range magnetic fields 
are given by embeddings of charge two SU(2) solutions, the moduli space is of dimension 
ten (which is fibred over S*^ with fibre the charge two SU(2) moduli space). However if 
the long-range magnetic fields are Abelian the moduli space is more complicated and has 
dimension twelve. This phenomenon where the charge k moduli space is stratified, with 
different components having different dimensions occurs for any gauge theory in which the 



unbroken subgroup is non-Abelian |14, 15 



In the presence of a monopole whose long-range fields are non-Abelian it is not possible 
in general to define a global color gauge transform which is orthogonal to the orbits of gauge 
transforms which are 1 at spatial infinity (i.e. little gauge transforms) As Abouelsaood 
showed in [O], this is a consequence of the result [O], which showed the impossibility of 



globally defining (in any regular gauge) a full set of generators that commute with the 
Higgs field on a two sphere at infinity when the monopole has long-range non-Abelian 
fields. In the SU(3) theory this is so for embedded SU(2) monopoles. However, when the 
long-range fields are Abelian such transformations are possible and the moduli space gains 
a normalisable action of SU(2). This suggests that the moduli space for the larger strata 
would be of dimension eleven rather than eight as for embedded SU(2) monopoles (ignoring 
the fibre). However, it is known that the moduli space is of dimension twelve Jl^ ^ 



and so an extra parameter appears whose physical interpretation is somewhat unclear. 
We shall see that in certain regions the monopoles look like embedded SU(2) monopoles 
surrounded by a non-Abelian cloud whose approximate radius can be attributed to this 
extra parameter. 

It has been proved that the moduli space of monopoles for many gauge groups is in 1-1 
correspondence with the moduli space of solutions to Nahm's equations on a given interval 
with certain boundary conditions |T^. This correspondence is known to be an isometry 
for SU(2) monopoles and SU(n+l) monopoles broken to U(n), which includes the present 
case |T^. In Dancer has constructed the metric on the moduli space of solutions to 
Nahm's equations which is a twelve dimensional hyperkahler manifold with free, isometric 
actions of R^, U(2), and Spin(3). By |19| this gives the metric on the two monopole moduli 
space. 

The Dancer manifold can be thought of as having a boundary which corresponds to the 
space of embedded SU(2) monopoles (however the manifold with the induced metric is 
complete and the boundary is infinitely far away in metric distance). Like in the SU(2) 
case, the monopoles have a well-defined center of mass and total U(l) phase. In [Q] an 
implicit expression was given for the relative moduli space metric which has isometry group 
SO(3)xSO(3). Below, this metric is expressed in terms of invariant one-forms correspond- 
ing to the actions of each of the S0(3)'s and two other parameters which roughly measure 
the monopoles' separation and how "close" the monopole configuration is to an embedded 
SU(2) monopole configuration. The expressions for the metric are very complicated and 
are relegated to the Appendix. However for regions of the moduli space which approach 
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the boundary the metric simphfies into a direct product of AH x M^. An interpretation is 
that the configuration looks hke an embedded charge two SU(2) monopole surrounded by a 
"cloud" 0, which is parametrised by its physical radius (which is related to the inverse of 
the coordinate distance from the boundary of the Dancer manifold) and its SO (3) orienta- 
tion (residual gauge group action). Evidence for this is given by solving for the long-range 
Higgs and gauge fields in this region of the moduli space. Here, the long-range fields do in- 
deed have this cloud where the fields change from those of a non-Abelian embedded SU(2) 
monopole to the Abelian fall-off of these monopoles. The long-range fields are obtained 
from a spherical symmetry ansatz and so our results are only valid at a distance much 
larger than the separation of the two monopoles. The kinetic energy obtained by varying 
the size of the cloud may be calculated and is shown to agree with the kinetic energy de- 
duced from the metric. The moments of inertia, corresponding to the SO (3) gauge action, 
can be read off from the metric and they diverge as the cloud spreads out to infinity. 

The presence of the cloud can alter the possible types of monopole scattering from the 
SU(2) case. For SU(2) monopoles if two monopoles collide head on, they form a torus and 
then scatter at right angles. Here a different outcome is possible [Q. Incoming monopoles 
can collide, forming instantaneously a spherically symmetric monopole, but now instead 
of scattering outwards they continue to approach the embedded SU(2) torus. Due to 
the conservation of kinetic energy of the incoming monopoles (and angular momentum 
conservation) the SU(2) monopoles must scatter but in the SU(3) case the kinetic energy 
is carried off by the cloud while the monopoles' core is static in the limit of large time. 

An alternative description of this cloud was given by Lee, Weinberg and Yi 0. They 
proposed that the moduli space of monopoles whose magnetic charge is Abelian can be 
obtained as a limit of a monopole moduli space in a theory where the gauge group is broken 
to its maximal torus. Our case, where SU(3) is broken to U(2), can be viewed as a limit 
of SU(3) broken to U(l)xU(l) as the Higgs expectation value is varied. Then the Dancer 
moduli space would arise from a space of three monopoles : two of the same type, and the 
third distinct and becoming massless in the limit. As this monopole becomes massless its 
core radius expands and eventually loses its identity as a monopole and is manifested as a 
cloud surrounding the remaining two monopoles. 

Section 2 is a review of SU(3) monopoles. For completeness we discuss both cases, 
SU(3) broken to U(l)xU(l) and SU(3) broken to U(2). In section 3 we consider the 
charge two monopoles where SU(3) is broken to U(2). In particular we solve for the long- 
range gauge and Higgs fields in regions of the moduli space which are close to the boundary 
of embedded SU(2) monopoles. In the Appendix the metric given in is reexpressed in 
an explicit form. 

2 Review of SU(3) Monopoles 

We assume throughout that the Higgs field is in the adjoint representation and we 
are in the BPS limit in which the scalar potential is zero but a nonzero Higgs expectation 
value is imposed at spatial infinity as a boundary condition. An SU(3) gauge theory can be 
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broken by an adjoint Higgs mechanism to either U(l)xU(l) or U(2). Monopole solutions 
will occur in either theory. The generators of SU(3) may be chosen to be two commuting 
operators Hi, H2, together with ladder operators, associated with the roots ±0:, ±/3, 
±{a + j3) (see figure 1), that obey 



(2.1) 

for 7 any root. Following [jl6[ we let $00 be the asymptotic value of the Higgs field along 
the positive x^-axis. Choose this to lie in the Cartan subalgebra and this defines a vector 
h by $00 = h.H. If SU(3) is broken to U(l)xU(l), all roots have nonzero inner product 
with h and there is a unique set of simple roots with positive inner product with h. If 
SU(3) is broken to U(2) then one of the roots, say (3, is perpendicular to h. Now there 
are two choices of simple roots with non-negative inner product with h; namely (ct, (3) and 
{ex. + f3, —f3). Figure 1 illustrates the two different types of symmetry breaking. 





(a) (b) 

Figure 1: (a) SU(3)^ U{1) x U{1) (b) SU(3)^ U(2) 



For any finite energy solution, asymptotically 

r. 



(2.2) 



G{fl) is a covariantly constant element of the Lie algebra of SU(3), and takes the value Go 
along the positive x^-axis. The Cartan subalgebra may be chosen so that Gq = g.H. The 



quantisation of magnetic charge [T^, |2^ , ensures that g is of the form 



An 

— {na* +m(3*} 
e 



a 



a ■ a 



(2.3) 



where e is the gauge coupling, and n, m are non-negative integers. We denote such a 
charge by (n, m). 
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When SU(3) is broken to U(l)xU(l) the topological charges of the monopoles are 
determined by a pair of integers, ie. the monopoles can be charged with respect to either 
of the unbroken U(l)'s. All BPS monopoles may be thought of as superpositions of two 
fundamental monopoles given by embeddings of the charge one SU(2) monopole |T^. To 
embed an SU(2) solution note that any root 7 defines an SU(2) subalgebra by 

t\j) = (27-7)"'/'(i^7 + ^-7) (2-4) 
t%j) = J* H. 

If and is an SU(2) charge n BPS solution with Higgs expectation value v, then 
a monopole with magnetic charge 

4vrn ^ 

g = 7* (2.5) 



is given by ^1 

$ = •i.^t'^ + (h - ^^7) . H (2.6) 
7 • 7 

A, = A'^t" 
V = h ■ 7 . 

The two fundamental monopoles are obtained by embedding charge one solutions along 
the simple roots, a and f3. Each fundamental monopole has four zero modes, corresponding 
to its position and a U(l) phase. Embedding along the root ex. gives the (1,0) monopole 
charged with respect to one of the U(l)'s. Similarly, one can embed along the root (3 to give 
the monopole (0,1) charged with respect to the other U(l). Any BPS solution of topological 
charge (n, m) can be viewed as a collection of n CK-monopoles and m /3-monopoles. The 
dimension of the (n, m) moduli space is 4(n + m). The (n, 0) and (0, n) moduli spaces will 
be copies of the charge n SU(2) moduli space. The (1, 1) moduli space was studied in [0, 
see also |Q . It contains the spherically symmetric solution obtained by embedding a single 
SU(2) monopole along the root cx. + f3. The relative moduli space is Taub-NUT (Newman- 
Unti-Tamburino) with positive mass parameter. Because the monopoles are charged with 
respect to different U(l)'s their interaction is simpler than for two SU(2) monopoles. The 
other moduli spaces are known as spaces of holomorphic rational maps from the two sphere 
into a flag manifold ||22|. But their moduli space metrics are as yet unknown, although a 
conjectured form for the (2,1) moduli space metric was given in ||23| . 



For SU(3) broken to U(2) the situation is quite different. Now the vacuum expectation 
value of the Higgs field along the x^-axis, h, is perpendicular to one of the roots, /3. 
Embedding an SU(2) solution using the SU(2) subalgebra defined by the root /3, (2.4), 
now gives the trivial zero solution so (0,1) solutions do not exist here. In general, the 
quantization of magnetic charge is again given by (2.3) but now n is the only topological 
charge. Solutions for a given value of n exist only if m < n, and the (n, m) moduli space 
is identical to the (n, n — m) moduli space. 
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Two distinct charge one solutions are given by embeddings along the roots a. and cx + f3, 
they are (1,0) and (1,1) respectively. The long-range magnetic field has a non-Abelian 
component ie.. Go does not commute with the generator of the unbroken SU(2) (g ■ /3 7^ 0) 
so it is not possible in general to perform a global gauge transform g = , taking values 
in the unbroken U(2) at infinity which is orthogonal to little gauge transforms [|11[], i.e. 
DiDiV + [$, [$,r]] = 0. This is so only for gauge transforms generated by Ej^, ^-(3- 
Gauge transforms in the Cartan subalgbra pose no such difficultly. However a linear 
combination of the Cartan generators leaves the monopole invariant so only a global U(l) 
charge rotation remains {g = e~^*) exactly as for SU(2) monopoles. However there are 
more charge one solutions than this, because one may act with the global SU(2) in the 
singular gauge, but one cannot move between these solutions dynamically (the embedded 
solutions based on the roots a and a -\- f3 are related in this fashion). This gives a three 
dimensional family of solutions parametrised by S^, and with translational invariance the 
space of solutions is of the form IR^ x which may be viewed as a fibre bundle over S"^ 
with fibre ]R^xU(l). However, the zero modes corresponding to the action of the global 
unbroken SU(2) gauge group on the monopole (corresponding to the 5*^ factor in the moduli 
space) cannot satisfy both the linearized BPS equation and orthogonality to httle gauge 
orbits. Only the U(l) factor corresponding to electric charge rotations can do this. So, 
although the space of solutions is R'^ x 5*^, it is clear that the usual procedure of finding 
the metric by calculating the norms of the zero modes satisfying DiSAi + = 

is not possible here. 

For topological charge two solutions, either one can embed charge two SU(2) solutions 
along the root a. or Q:+/3, giving (2,0), (2,2) respectively, or, alternatively one may combine 
the two charge one solutions based on the roots a and a + f3 giving (2,1). In the former 
case, again there is a long-range non-Abelian magnetic field and the same problems as for 
charge one solutions are present. The moduli space will be the charge two SU(2) monopole 
space fibred over S"^. In the latter case, the magnetic charge is Abelian, (g-/3 = 0), so global 
color (SU(2)) gauge transforms are possible with finite norm for the zero modes [pT 



The moduli space acquires an action of SU(2), but as stated in the introduction another 
parameter is present on the moduli space whose appearance is somewhat surprising. As 
noticed in WM the parameter counting means these monopoles cannot be interpreted as a 
superposition of any fundamental monopoles, unlike the SU(3)^U(1) xU(l) case. In the 
following we shall be studying SU(3) broken to U(2) charge (2,1) monopoles which have 
an Abelian magnetic charge. 



3 The Asymptotic Fields 

Nakajima and Takahasi have proved that the metric on the moduli space of SU(2) 
monopoles and SU(n+l) monopoles broken to U(n) is equivalent to the metric on a corre- 
sponding moduli space of solutions of Nahm's equations |1^, [1^. This equivalence provides 
a direct method of finding metrics on monopole moduli spaces, at least for low charges 
where Nahm's equations can be solved. Using the Hyperkahler quotient construction. 
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Figure 2: The geodesic submanifold Y. 



Dancer has constructed the metric on the moduh space of Nahm data corresponding 
to SU(3) broken to U(2) charge (2,1) monopoles denoted M^^ and by Takahasi's proof on 
the equivalence of the the two metrics this gives the monopole metric. M^^ is a twelve di- 
mensional manifold with commuting actions of Spin(3) (rotations), U(2) (unbroken gauge 
group), and (translations). Let be the quotient of M^^ by x f/(l) where U(l) 
is the center of U(2). has free commuting actions of S0(3) and SU(2)/Z2. The met- 
ric on M^^ is just the Riemannian product of the metric on with the flat metric on 

X U{1) so the manifold describes the relative motion of the monopoles. may be 
quotiented by the SU(2)/22 action to give a manifold denoted by which has a non-free 
action of SO (3), corresponding to rotations. In an explicit expression was given for 
the metric on A^^ and an implicit expression for the metric on M^. In the Appendix the 
metrics on A^^ and are reexpressed in terms of coordinates D, k, on the quotient space 
A^^/S0(3) and left-invariant 1-forms on SO (3) corresponding to the action of SO (3) on A^^ 
and SO(3)xSU(2)/22 on M\ 

Here we are interested in the interpretation of the moduli space coordinates in terms of 
the monopole fields. After the removal of gauge freedom, spatial translations and rotations, 
we are left with the two dimensional space A^^/S0(3). A^^/S0(3) may be parametrised by 
D, k with < A; < 1 and < D < ^K{k), where K{k) denotes the first complete elliptic 

integral K{k) = g {1 - e ey^l'^dO ^. 

Figure 2 depicts a totally geodesic submanifold of M*^, Y , corresponding to monopoles 
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which are reflection symmetric (up to a gauge transform) in each of the three Cartesian 
axes. Y is composed of six regions each isomorphic to A^^/S0(3). The metric and geodesic 
flow on Y was studied in H]. In the shaded region x, y are given in terms of D, k by 



X 



i2-e)D\ y = -V3eDK (3.1) 



Similar formulae for x, y in terms of D, k exist in the other regions of Y. The origin, 
X = y = corresponds to the spherically symmetric monopole for which the flelds are 
known, H, |2^. The line segments — oo < x < 0, y = and < a; < |7r^, y = correspond 
to axially symmetric monopoles, denoted in [0 as hyperbolic and trigonometric monopoles 
respectively, because the Nahm data involves hyperbolic and trigonometric functions. In 
terms of D and k these are lines k = 1 and k = 0. These line segments together correspond 
to a geodesic on Y. As x varies from —oo to |7r^, two inflnitely separated hyperbolic 
monopoles approach each other, collide to form the spherically symmetric monopole, which 
then deforms to trigonometric monopoles and approaches the axially symmetric embedded 
SU(2) monopole. In [Q], for these cases, the Higgs fleld was determined along the axis 
of axial symmetry. The dotted boundaries of Y [which is D = ^K{k) in A^^/S0(3)] 
corresponds to embedded SU(2) monopoles. Y is geodesically complete and the boundary 
is inflnitely far away in metric distance. 

We want to understand the nature of the metric and the flelds in different regions of Y. 
From numerical evidence in 0, ^ , for large D, D represents the separation of the monopoles. 
The asymptotic regions of Figure 2 (the legs of Y) correspond to well separated monopoles 
along each of the three axes. The central region corresponds to conflgurations of coincident 
or closely separated monopoles. It is interesting to try to understand the effect on the 
flelds as one moves towards the boundary of Y. The coefficient of 1/r, (r = |x|), in the 
asymptotic expansion of the Higgs fleld, $(x), of an SU(3) monopole is — |diag(— 1, —1, 2) 
whereas the 1/r coefficient of an embedded SU(2) monopole is — |diag(— 2, 0, 2). If one is 
close to the boundary of Y then the flelds should look like embedded SU(2) flelds (since 
the boundary corresponds to embedded SU(2) monopoles), but with a cloud where the 
1/r coefficient of the Higgs fleld changes from -|diag(— 2, 0, 2) to — |diag(— 1, —1, 2) [Q. A 
useful parametrization near the boundary of Y which measures approximately the radius 
of the cloud is given by z = 2y^ with p = 2K{k) - 3D: z is related to the inverse of 
the coordinate distance (not metric) from the boundary of Y. Near the boundary the 
expressions for the metric (A. 14) may be simplifled to 

ds^ = dz'' + jial + al + al) + -^dD^ + a^af + b''al + c'al + 0(z^^) . (3.2) 

(Tj, (Tj are left-invariant 1-forms (deflned in the appendix (A. 11)), corresponding to rota- 
tional and SU(2) degrees of freedom; a^, 6^, are evaluated at the boundary , D = ^K{k), 
giving 

,_ 2K{K-E){E-k'^K) ^,_ 2EK{K-E) , _ 2EK{E - k'^K) 

" ~ 3^ , - s{E-k'^K) ' " ~ 3{K-E) ■ ^ ' 
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Here fc'^ = 1 - P and E{k) = /q^ (1 - P sin^ 9)^^ dO. 

Now, noting that (3.2) describes the flat space metric for and the Atiyah- Hit chin 
{ATi) metric for SU(2) monopoles (with a scale factor of 1/3) [^], we see that in the limit 
the metric decouples into the direct product R"^ x ATI. We can interpret this by saying the 
monopole configuration looks like an embedded charge two SU(2) monopole surrounded by 
a cloud, parametrized by R^. In this limit the geodesies on are easy to analyse. They 
are given by a straight line in the R^ factor and the usual geodesies on the Atiyah- Hit chin 
manifold. From numerical evidence in 0, it was shown that all geodesies (except for the 
axially symmetric monopole collision) approach the asymptotic regions of Y . In fact, we 
were able to check (using MATLAB) that generic geodesies approach the boundary of the 
asymptotic region, i.e. D ^ oo and D ^K{k). It is interesting to ask whether similar 
behaviour occurs for generic geodesies on not restricted to the submanifold Y. From 
(3.2) it can be seen that if a configuration is close to the boundary and heading towards 
the boundary (i > 0) then the monopoles will continue to approach z = oo. Also (3.2) 
suggests that the cloud will be spherically symmetric in the limit z ^ oo because the 
coefficients of erf are all equal. 

With the assumption that near the boundary the long-range fields are spherically sym- 
metric we may now solve for these fields and independently verify that the R^ part of 
the metric in (3.2) is correct. This is simplest for the axially symmetric trigonometric 
monopoles, {k = 0). For such monopoles in 0], the Higgs field was given along the axis of 
axial symmetry. The long-range part of the Higgs field on the axis of symmetry may be 
found by dropping all terms exponentially small in r. Spherical symmetry determines the 
long-range Higgs field in all directions. On the axis of symmetry, 

$ = zdiag(<l>ii, -$11 - $33, $33) + O(e-^0 with 

1 ( (4:r^ - D^) sinSD -ADr cos 3D] ^ „ 4r 

"^ii = -1+ n2^^ 2 r o - on n ^7^ ' '^33 = 2-———. 3.4 

jjz _^ ^j,z ^ 2r sm 3U — U COS SU J + 

To solve the spherically symmetric BPS equations the Higgs field needs to be further 
truncated to 

^ 1 ( rsm3D- DcosSD } ^ o 1 /o 

$11 = -1 + - ^ . — , $33 = 2 - - . (3.5) 



r {2r sin 3D — D cos 3D J r 

Because D < tt/3 and r is large this is a valid approximation. The equations may then 
be solved for all values of D. However we are only interested in configurations near the 
boundary {D vr/3) where the R^ part of the metric decouples. We expand sin 3D, cos 3D 
to order p, (here p is vr — 3D because = 0) and express the fields in terms oi z = 2y^. 
Then using the spherically symmetric BPS equations may be solved to give the long- 
range part of the gauge field A'^ (in a gauge with a Dirac string). The singularity at the 
origin is not relevant here as we are only interested in the long-range fields. We find 




$(r) = ^ -1 + - -^0 (3.6) 
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Afr, 




(3.7) 



. cos6' 
r sin 9 










(i 















where r, 9, are spherical polar coordinates. If z is large enough so that ^ r then 

oo the 1/r 
— ^ oo), the 



-2,0,2). However as r 



the 1/r coefficient in $ is approximately — |diag^ ^, ^, 
coefficient in $ is — |diag(— 1, — 1, 2) as required. Near the boundary oiY {z 
change in fall-off in the 1/r term is extremely slow. As r ^ oo with <^ r, $ii may be 
expanded to give 
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h 

2r 



zz 

16^ 



(3.^ 



so z may be seen as changing the dipole term in $. The foregoing analysis leads us to 
interpret z'^ as the cloud radius. 

From A, the magnetic field B may be found, giving 



B 




> r 



(3.9) 



+ 



The magnetic field is seen to be non-Abelian in the cloud region r ^ z^. As r ^ oo the 
non-Abelian components decay like 1/r^ leaving an Abelian magnetic field at infinity, 

. / 



B 



-10 



V 








-1 






2 



(3.10) 



The cloud may be viewed as some form of shield for the non-Abelian magnetic field. The 
fields described here exhibit very similar behaviour to the fields given in for the SO (5) 
monopole where again there is a cloud parameter describing the extent to which the long- 
range non-Abelian fields penetrate beyond the monopoles' core. 

Now < z < oo and = is part of a geodesic on F The kinetic energy, T, 
from the asymptotic fields obtained by varying z may be calculated and compared to that 
from the metric (the constant of proportionality between the metric and the Lagrangian 
for the two monopole system is one sixth the reduced mass of a pair of monopoles, which 
is vr). Normally one needs to add a little gauge transform to ensure that the variation of 
the fields is orthogonal to gauge orbits, but in this case, Di5Ai + [$, 5$] = is satisfied 
anyway with 5Ai = zdAi/dz , 5^ = zd^/dz . Thus, the kinetic energy T is given by 



T 




(3.11) 



10 



where < X,Y >= -2TtXY . One finds 



T = 'Kz' + 0{z-^)z' . (3.12) 

In the hmit z — > cxo, this formula agrees with that found from the metric (3.2), however 
not to 0{z~'^). This means that as z ^ oo all the kinetic energy is outside the core 
(and indirectly verifies the assumption of asymptotic spherical symmetry). The geodesic 
equation may be solved near the boundary to give 

z{t)=pt, (3.13) 

with (3 constant and total kinetic energy, T = vr/?^. 

For the line of hyperbolic monopoles {k = 1), the Higgs field was given on the axis of 
axial symmetry in [0. It was seen that there is no cloud in this case. The line k = 1 (or 
z = 0) is infinitely far from the boundary and the cloud should not be expected to exist 
here. 

The long-range fields for the 1-parameter family of trigonometric monopoles is given 
in (3.6), (3.7). For all points in Y near the boundary the long-range fields must be- 
have in a similar fashion, with a cloud where the 1/r part of the Higgs field changes 
from — |diag(— 2, 0, 2) to — |diag(— 1, —1, 2). This cloud will necessarily be larger than the 
monopoles' separation which is D. We may view the long-range fields as functions of D, 
z. In analogy with the trigonometric case we expect that as z ^ oo the kinetic energy of 
the long-range fields obtained by varying the cloud parameter z should equal the kinetic 
energy derived from the corresponding term in the metric, i.e. 7ri^. This is indeed the case 
if the long-range fields are gauge equivalent to (3.6), (3.7) for all k. 

It is worth noting that this cloud cannot be interpreted as a kink, i.e. some region where 
the fields rapidly change their 1/r fall-off from — |diag(— 2, 0, 2) to — |diag(— 1, —1,2). As 
seen from (3.6) the change in 1/r fall-off in $ is very slow as 2; ^ 00. Also the static energy 
density S, {£ =< B^, >), in this region may be easily found from (3.9) to be 

£ = ^ + (3.14) 

We see that for large z, E is of order 1/r^ varying from 4/r^ to 3/r^ as r changes from 
r <^ to r z^ . The energy density outside the monopole cores is small irrespective of 
z. For large z the long-range fields and energy density change only slightly with z. 

At an arbitrary point in represented by ($, A) a tangent vector may be written as 
(5$, 5A) with DibAi + [$, 5$] = 0, and (5$, 5A) also satisfy the linearized Bogomol'nyi 
equations. From one such tangent vector other tangent vectors may be generated by 

5'$ = -n-5A (3.15) 
5'A = M$ + n X 5A 

where fi is any constant unit vector. It is easy to see that these also satisfy the above 
conditions for a tangent vector. By choosing an orthonormal triplet fii, n2, ns we obtain 
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four zero modes which are mutually orthogonal. Denoting by Ji the action that takes 
(5$, (5A) to (— fii ■ (5A, nj5$ + fij x 5A) it is obvious that JiJj = —6ij + eijk-Jk thus 
giving a realisation of the hyperkahler structure on . For large splits as a 

product of hyperkahler manifolds, AH and R'^. Thus one would expect that from the zero 
mode 5Ai = 6z dAi/dz, 6^ = 6zd^/dz one may generate three other zero modes which 
correspond to the unbroken SU(2) action. In fact, it is not difficult to check that these 
zero modes may be written as 



6'Ai = AA(r) 
5'$ = [A(r), $] 

with A(r) in the unbroken SU(2) whose explicit form is 



(3.16) 
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The gauge rotation angle is given by limr^oo || A(r) || which is 25z/z, independent of 
n, where || X ||= ^J< X,X > . This implies that the metric coefficients for the SU(2) 
action are isotropic for large z and their norm is z"^ /A times that of the dz"^ coefficient, in 
agreement with (3.2). 
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A Appendix : The metric 



The natural metric on the moduli space is defined by computing the norms of the 
zero-modes (solutions of the linearized Bogomol'nyi equations). The zero-modes must be 
orthogonal to little gauge transforms, which means the zero-modes 5$, 5Aj must satisfy 

A5A, + [$, 5$] = (A.l) 

However in most cases it is extremely difficult to compute the metric in this fashion and 
other techniques must be used p5| , p!7| . Nahm's equations are the following system of 
nonlinear ordinary differential equations 

ti + [To, Ti] = [Ts, T3] (A.2) 
T2 + [To, T2] = [T3, Ti] 
T3 + [To, T3] = [Ti,T2] 
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where the Tj are matrix- valued functions on an interval of the real line parametrized by s. 
They are obtained from the self-dual Yang- Mills equations in four dimensions by imposing 
translational invariance in three dimensions just as the Bogomol'nyi equations are obtained 
by imposing translational invariance in one dimension. It is known that solutions to Nahm's 
equations with certain boundary conditions are in 1-1 correspondence with monopoles via 
the Atiyah-Drinfeld-Hitchin-Manin- (ADHM) Nahm transform. The boundary conditions 
of Nahm's equations determine what gauge group the monopole is in. This transform 
is known to be an isometry for SU(n-|-l) broken to U(n) |l^, |19| (this includes SU(2) 
monopoles) and is believed to be true generally. 

Nahm data corresponding to Dancer monopoles are given by the space C of quadruples 
(To , Ti , T2 , T3) where 

(i) T„ (m = 0, 1, 2, 3) are functions defined on the interval [0, 3] taking values in the 
Lie algebra of U(2). 

(ii) To is analytic on [0, 3]. Ti, T2, T3 are analytic on (0, 3] with simple poles at s = 
of residue |ri, |r2, frs, where Ti are the Pauli matrices. 

(iii) The Tj satisfy Nahm's equations. 

Nahm data for embedded SU(2) monopoles are as above except now the Tj also have 
poles at s = 3. Let Gq be the group of analytic U(2)-valued functions on [0, 3] which are 
the identity at s = 0, 3. This group acts on C in the following manner 

To ^ gTog-'-^g-' (A.3) 
as 

Ti ^ gTig-\ (^ = 1, 2, 3). 

The moduli space of Nahm data, denoted M^^, is the quotient of C by Gj]. M^^ has 
the following isometric group actions. 

(a) There is an action of on M^^, given by 

Ti^Ti-i\M (2 = 1,2,3), (A.4) 

where (Ai, A2, A3) G . 

(b) Let Gq be the group of analytic U(2)-valued functions on [0, 3] which are the identity 
at s = 0. This acts on C as in (A.3) with g{'i) = P say. This action descends to an action 
of Go/Gl =U(2) on M^^. 

(c) There is a Spin(3) action on M^^ induced from the following action on C. Let R G 
SU(2) descend to (Rij) G S0(3). g is an analytic U(2)-valued function on [0,3] which 
satisfies g{0) = R, g{3) = Id. Then the Spin(3) action is defined by 

To ^ gTog-'-^^g-' (A.5) 
T, ^ giJ2R,^Tj)g~\ (^ = 1, 2, 3) . 

is defined as the quotient of M^^ by lEl^xU(l) where the U(l) is the center of U(2) 
and is the quotient of by the SU(2) action. Using the SU(2) action to set To to 
zero, Nahm's equations become Ti = [T2, T3] + cyclic. 
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We may now use the Spin(3) action to set Tj = —^fiTi (no sum on i) and Nahm's 
equations reduce to the Euler top equations 



/i = /2/3 +cychc (A.6) 

whose solution is 

DcukiDs) DdukiDs) D 

•^1 ^ = rFrr ' * = 777^ , /s s = — — . A.7 

snk[Ds) snk[Ds) snk[Usj 

D, k are coordinates on the quotient space A^^/S0(3). In order to express the metric it is 
useful to define X, gi, g2 by 

X{k, D) = /i(3)/2(3)/3(3) , g^{k, D) = f' ^ ds , g^ik, D)= f'^ds. (A.8) 

By the isometry proved in the metric on the moduli space M^^ induced from the natural 
metric on C gives the metric on the moduli space of charge (2, 1) SU(3) monopoles. In 
an explicit expression was given for the metric on A^^ and an implicit expression for 
the metric on M^. Here we want an explicit expression for the metric in terms of dD, dk 
and left-invariant 1-forms corresponding to the SO(3)xSO(3) action. In [|l| the metric on 
A^^ was expressed in terms of coordinates which are related to the inner products of the 
Nahm matrices. Explicitly, 

«i = <Ti,Ti>-<T2,T2>, (A.9) 
a2 = < Ti, Ti > - < T3, T3 > , 

«3 = < 7l,T2 > , 

04 = < Ti,T3 > , 

"5 = < T2, T3 > , 

and again < X,Y >= —2TtXY. ai may be expressed in terms of D, k and an S0(3) 
matrix (Rij)- The SO (3) symmetry of the metric means that it may be written in the form 

ds^ = A{k, D)dk^ + 2B{k, D)dkdD + C{k, D)dD'^ + a,j{k, D)cr,aj (A.IO) 

with cTj left-invariant 1-forms on S0(3) defined by |rjcr.j = dR where R gSU(2) descends 
to (Rij). If 9, (j), ip are the usual Euler angles for S0(3), with 0<6'<7r, O<0< 27i, 
< ^ < 27r, then, 

(Ti = — sin (i6' + COS sin ^ (i0 (A. 11) 

(T2 = cos ip d6 + sin sin 6 d(f) 
(T3 = dip + cos 6 d(f) . 

The coefficients A,B,C are known from [Q, however it is easier to express the metric in 
terms of Oii = —(1 — k^)D'^, 02 = —D^, which are ai, 02 restricted to A^^/S0(3). aij can 
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be found by letting R = 1 + 6 with all entries in S close to zero and expressing the metric 
in terms of the invariant 1-forms at this point. Hence (A. 10) may be written as 

ds'^ = - ^X{gidai + g2da2f + gida\ + g2da\^ + aia\ + a2(T\ + aacig (A. 12) 

with 

91+92 

' Xgl \ 



a2 = DUg2 + 



Xgi + l 



Xg2 + l 



Qij is diagonal due to a ^2 x ^2 symmetry on A^^. The coefficients of the metric depend 
only on Z), k. The metric on will contain the left-invariant 1-forms (Ji,ai, corresponding 
to the SO(3)xSO(3) action where (Tj is defined by |rj(Tj = P'^ dP and again P G SU(2) 
descends to [Pij) G S0(3). o-j which appeared in Section 3 will be defined below in terms 
left and right-invariant 1-forms corresponding to P, R. The metric coefficients on in |]l| 
are determined by orthogonality conditions depending on D, k and (-Ry), {Pij) in S0(3). 
These may be solved for (Rij), (Pij) in the neighbourhood of the identity to get the metric 
in this region in terms of dai, da2, (Ji, (Ti and again this holds everywhere in due to the 
SO(3)xSO(3) symmetry of the metric. We have 

ds^ = - {gidai + g2da2Y + 9idal + g2dal^ + aial + a2<J2 + (iscrl (A-14) 
['''''"'^m +|^2a2-C2(-^a2-a2)| 

tti are as before, and 
bi = k^D 



c, = /2(3)/3(3),C5l^^,(A.15) 



\ {g, + g,){Xg, + Xg2 + l) ' '^Xg,+Xg2 + r 



g2D^ ^Xgi + g^ 

C2 



Xgl + gi' /2 (3)^71 



giD^k'^ \^Xgi + g2 

C3 



Xgl + c/2 ' /3(3)^2 



Again 6j, Cj depend only on D, k. D satisfies Q < D < ^K{k) . The manifold thus has a 
boundary D = ^K{k) corresponding to Nahm data which are singular at s = and s = 3. 
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As one approaches the boundary on the metric (A. 14) becomes 

ds"" = dz^+^^[{a^-a^f + {a2 + &2Y + {a^ + a^f] (A.16) 

+ ^^dD' + a^l + h^al + c'al + 0{z~') , 

with a^, 6^, defined in (3.3). As stated previously the second fine in (A.16) is the 
Atiyah-Hitchin metric. We now do a coordinate transform so that the first fine in (A.16) is 
exphcitly seen to be the fiat metric on R^. We redefine the Spin(3) action, (A. 5), so that 
g{3) = e^'^^R^ e^"^ (the purpose of the e^°"^ terms is to change the signs of o"2, ^-i)- o"i 
which appears in (3.2) is defined by |ri(3"j = X'^dX where X = Pe^'^'^^R^e^"^. Expressed 
in terms of 1-forms corresponding to the matrices i?, P the metric will now contain both 
left and right-invariant 1-forms but for large cloud parameter (A.16) now takes the simple 
form given in (3.2), essentially because + o"! + is independent of whether cij is a left 
or right-invariant 1-form. The point is that ^'(3) can be chosen arbitrarily and we choose 
it as above so that the form of the metric near the boundary, (A.16), takes an especially 
simple form. 
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